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Abstract: We calculate configuration energies of string-like membranes in M2- and 
M5-brane spaces. In the near horizon approximation these backgrounds reduce to 
AdSi X and AdSj x spaces and the dual theories are supersymmetric SU{N) 
gauge theories, in accordance with the AdS/CFT correspondence. In this case the 
string-like configuration energy is identified with the quark and anti-quark energy 
interaction in the dual theories. Far from the horizon the dual theory is more in¬ 
volved but any how we were able to calculate the string-like configuration energy. 
For limiting regimes we find simpler solutions for which some potentials exhibit a 
confinement behavior while others are non-confining. 
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1 Introduction 

The AdS/CFT correspondence is a duality between string/M theory in AdSn+i x 
and supersymmetric conformal SU{N) Yang-Mills theories, for large N, in n- 
dimensional flat space. This correspondence was proposed by Maldacena [1] and 
soon after detailed by Gubser, Klebanov and Polyakov [2] and Witten [3]. For a 
review, see for instance [4, 5]. 

After the proposal of the AdS/CFT correspondence, Maldacena [6] and indepen¬ 
dently Rey and Yee [7] (MRY) proposed a method to calculate expectation values 

of an operator similar to the Wilson loop for the large N limit of held theories. The 

1 . „ 

Wilson loop operator is dehned as W{C) = —TrPe^^c^^ where C denotes a closed 
loop in space-time and the trace is over the fundamental representation of the gauge 
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field A. In the particular case of a rectangular loop (of sides T and L), it is pos¬ 
sible to calculate (in the limit T —)■ cx)) the expectation value for the Wilson loop: 

< W{C) >= where E{L) is the energy of the quark-antiquark pair. 

The MRY proposal claims that the expectation value of the Wilson loop correspond 
to the worldsheet area S' of a string whose boundary is the loop in question i.e. 

< W{C) >~ . In this way, Maldacena calculated the quark-antiquark potential 

for the case of AdS^ x S^. The result is a non-conhning potential for the quark- 
antiquark interaction, which is consistent with the conformal symmetry of the dual 
super Yang-Mills theory. A discussion of the Wilson loops for strings on a certain 
class of curved 10 dimensional spacetimes was presented in [8] , where a conhnement 
criterion was obtained. 

A hnite temperature calculation of the Wilson loops following the MRY approach 
was given in [9, 10] by considering an AdS Schwarzschild background, where the 
temperature of the conformal dual theory is identihed with the Hawking temperature 
of the black hole, as in the original Witten’s work [11]. This set up also behaves as 
a non-conhning potential for the quark-antiquark interaction. 

An interesting modihcation of the zero temperature set up is to consider the 
string in a Z13-brane background. This case was treated in [12], where different 
behaviors for the potentials were obtained, some of them conhning and others not. 
This is understood based on the fact that the Z13-brane does not have conformal 
symmetry, but in the near horizon approximation it reproduces asymptotically the 
AdS space. 

A simpler situation was considered calculating the Wilson loop for the string 
in some phenomenological holographic AdS/QCD models. In the case of the hard- 
wall model, a conhning behavior was obtained [13, 14] with a match with the Cor¬ 
nell potential. A hnite temperature version of this calculation was given in [15], 
where a second order phase transition takes place describing qualitatively a conhne¬ 
ment/deconhnement phase transition. Actually, it was shown that a Hawking-Page 
phase transition [16] occurs for the hard- and soft-wall models at hnite temperature 
[17-21] and in the case of the soft-wall model, a good estimate of the deconhnement 
temperature, compatible with QCD predictions, was found [18]. 

In this work, we start from bosonic membranes moving in spaces generated by N 
M2-branes and M5-branes. In order to investigate the behavior of the Wilson loops 
in this set up, we need hrst to derive a string action from a membrane set-up. This 
is made by compactihcation of one world-volume coordinate simultaneously with 11- 
dimension of the background spaces (see [22]). Then the membrane assumes a cigar 
or string-like shape if the compatihed dimension is small enough compared to the 
size of the other dimensions. Following the MRY approach [6, 7], we compute the 
energy of these conhgurations. In the cases where a dual theory can be found, this 
energy is identihed with the potencial interaction between heavy quarks attached 
to the ends of the string. The solution for the quark-antiquark potential in these 
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spaces are expressed as integrals involving metric elements. We consider different 
limits for these potentials with highly curved or almost straight geodesics as well as 
far from or close to the branes approximations. In some limiting cases we obtain a 
conhning behavior. This work can be understood as an extension of the calculation of 
Wilson loops [6, 7] to the case of M2- and M5-brane backgrounds. In [6] Maldacena 
discussed the case of M5-branes using the Wilson surface, which is a different object. 

A connection between M2-branes and Wilson loops have also appeared recently in 
[23] with a different perspective. 

Another motivation for this study is the possibility of application in two-dimensional 
condensed matter systems like the ones showing superconductivity or quantum Hall 
effect for the case of M2-branes since the dual theory when it exists is dehned on 
a (2-1-1) dimensional space. Usually, these applications appear connected with the 
AdSi ^ X space (for reviews, see for instance [24-27]) modihed to include a black 
hole in order to describe hnite temperature systems. The M5-brane space may be 
relevant to discuss six-dimensional gauge theories [28, 29]. 

1.1 Membrane formulae 

The bosonic part for M-theory supermembrane action is [30] (see also [31, 32]): 

S = j{t2M[^nQ^x'--d,X«GMN(X) - 1] 

+t'”‘aiX'^ajX^atX'’AM^p(x)) (i.i) 

where i,j = 0,1,2 span the world-volume of the supermembrane with metric 
M,N,P = 0, ...10 are the space-time indices with metric Gmn for space-time coordi¬ 
nates , and Amnp{X) is a three-form held with strength F = dA. The constant 
III sets the scale of the supermembrane. 

The equations of motion that follow from the action (1.1) read: 

= diX^d,X^GMN{X) (1.2) 

-A^%X^d,X^dkX^F^^Q{X) (1.3) 

From eq. (1.2) we obtain diX^djX^GMNiX) = = tri = 3, then the action, 

eq. (1.1), becomes: 

^ j d^cj ((-y)'/2 -f A^^d,X^d,X^dkX^AMNp{X)) (1.4) 

In order to apply the MRY method for calculating Wilson loops, we need to 
work with strings or string-like objects, so we have to pick a conhguration of the 
membrane which has this shape. One way to do this is to consider a compactihcation 
(a la Kaluza-Klein) of third world-volume coordinate on the 11-dimension of the 
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background space. In this sense, after taking the radio of compactification R to zero, 
one reduces the membrane to a string-like object. In the next sections we are going 
to discuss different backgrounds where we will implement this compactification. 


2 D=ll Elementary/electric 2-brane background 

The M2 brane solution corresponding to N coincident M2-branes is given by the 
S'0(2,1) X S'0(8) symmetric geometry [33] (for a review see [4, 5]): 

ds^ = + r^d^l]) ( 2 . 1 ) 

and the 3-form potential: 

\ ( 2 . 2 ) 

where the horizon function is defined as 

H = l + {-)\ (2.3) 

r 

r 2 is a constant radius given by (r 2 )® = 327r^A^(Zii)® and /r, z/, A = 0,1, 2 and others 
^MNP components are zero. The S'^ sphere metric can be written as: 

dVt^ = sin^ sin^ 9q sin^ 9^ sin^ 9 4 ^ sin^ 9^, sin^ 92d9\+siv? 6*7 sin^ 9q sin^ 9^ sin^ 9 4 sin^ 9^d9\ 

+ sin^ 6*7 sin^ 9q sin^ 6*5 sin^ 94991 + sin^ 9j sin^ 9^ sin^ 9^99^ + sin^ 9^ sin^ 9^99^ 

+ sin^ 9^991 -|- 99^ (2.4) 

Another important feature of our calculation in common with the MRY method 
is to consider a static configuration to calculate the Wilson loop. We discuss this in 
the next subsection. 


2.1 Static configuration 

We want the membrane coordinates to be in a static gauge so we set = r, 
= X = a and = 0, also we want this membrane to be spread along the radial 
coordinate so we set = r = r{a). 

In order to do a dimensional world-volume reduction from the membrane to a 

string-like world-sheet, we must wrap the membrane along a U{1) in the sphere. This 

can be done for instance with the choice = 9i = 6/R and 92 = 9^ = 94 = 9^ = 

9e = 97 = 
b I 2 

Within this conhguration and in the M2 background geometry, one can compute 
the action (1.4). To this end, we hrst compute the jij matrix, which turns out to 
be diagonal: 'jij = where r' = dr/dx. Also, 
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within this conhguration, the membrane decouples from the background 3-form held 
A[ 3 ]. As a result, the action (1.4) reduces to: 




T 


(27r)/3 


11 


dx\l — + 


(2.6) 


where we used j dr = T and J d6 = R f 9i = 2 'kR. Note also that the compactihca- 
tion radius R has been cancelled out, so this action (S') is the same for the limiting 
case i? —)■ 0. From this action, the Lagrangian would be 


£(r, r') 


1 

(2ir)(j‘i 



( 2 . 6 ) 


Since it does not depend explicitly on x, there is a constant of motion 

rVH , , 

— , = constant (2.7) 

/H + r'^{r'Y 

Using symmetry arguments and dehning tq to be the minimun value of r, which we 
supposed to occur at x = 0, we hnd that the length L of the string-like M2 membrane 
conhguration can be written as 


L 


rrlro 


2rn 


dy 


(l + jr) 


Vi/® - !/“ + - 1) 


( 2 . 8 ) 


and we dehned e = (r 2 /ro)®. 

Furthermore, the energy of the static M2-brane conhguration can obtained from 
(2.5) and (2.7) as: 


E 


’'*11 Ji Vji® - y® + €(!i® - 1) 


(2.9) 


where rUg is some constant that we will identify with the (inhnite) mass of the 
quark in the dual theory when it exists and A = ri/ro, being ri the upper limit of 
coordinate r. In the following subsections, we are going to discuss some limiting cases 
for the shape of the string-like membrane and calculate explicitly the energy of the 
conhguration with respect to the string-like length. These limiting cases correspond 
to diherent values of the parameters A and e. 


2.2 String far from the branes 

This case corresponds to the regime r 2 << tq {e << 1), i.e. the string-like membrane 
is placed very far from the M2-branes. The string-like length and energy, given by 
expressions (2.8) and (2.9), then become: 


L 


2ro log(VA2 - 1 A) -F roe 


(A2 _ 1)1/2 

A 


( A 2 _ 1 ) 3/2 ^^2 _ ^) 5/2 

3A3 ^ 5A5 
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log( VA2 - 1 + A) (2.10) 


E = ^^^log(VA2-l + A) - a 2 + 1 + e 



log(A/A2 — 1 + A) 
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( 2 . 11 ) 


These expressions for the length and energy of the string-like membrane can be 
further simplihed choosing its relative size compared to the distance from the M2- 
branes tq. We will discuss these cases in the following subsections. 

2.2.1 Long string 

This subcase corresponds to ri >> ro which means A >> 1. In this regime, the 
length and energy of the string-like membrane, formulas (2.10) and (2.11) reduce to 


L = ro(2-e) log A 

^0 rii A 2 


( 2 . 12 ) 




(2.13) 


From these last two relations we obtain 



(2.14) 


This potential energy has a conhning term proportional to the string-like length L 
but is dominated by the exponential and then has a nonconhning behavior. 

2.2.2 Short string 

In this subcase the short string-like membrane corresponds to ri ~ tq, i.e A = 1 -l-r], 
where r; is a small parameter (p << 1). In this regime, the length and energy of the 
string, formulas (2.10) and (2.11) read 




L = 2ro(l - e)v^ 
^2 

0 I 


(2.15) 


(2.16) 


As a result of these last two expressions, we have 



(2.17) 


This is a conhning potencial since the energy grows with L. 

















2.3 String close to the brane 


Now, we are going to examine the situation where the string-like membrane is located 
close to the M2-branes. This case corresponds to r 2 » ro, which means e >> 1, 
where e = (r 2 /ro)®. This is nothing but the AdS 4 x S'^ geometry. Consequently, 
the length and energy of the string-like conhguration, expressions (2.8) and (2.9), 
become: ^ 

L = 2ro^fe [ dy—-L== (2.18) 

Ji y^^yy^-l 

In the following, we are going to discuss the long and short string-like conhgurations 
for this background. 


2.3.1 Long string 

A long string-like membrane corresponds to ri >> ro which means A >> 1, where 
A = ri/rg. As a result, the length and energy of the string-like membrane given by 
Eqs. (2.18) and (2.19) become: 




L = 2rn\/e 


dy- 


-1 

where we used the dehnition e = (r 2 /ro)®, and 


+ 0(A 


- 6 \ 


E = 


vr/fi 


oo / y. 


dy . ^ 

'1 \\/y 


_ y_ 

T 4 


rl 48 ^^ ’ 


Tq (27r)^/^ 


( 2 . 20 ) 


( 2 . 21 ) 


This last formula needed to be regularized subtracting an inhnite term that can be 
identihed with the quark mass. From these last expressions we hnally obtain 


E = 


24/fi L 


( 2 . 22 ) 


This non-conhning potential energy corresponds to the conformal held theory result 
consistent with the string-like membrane placed in the AdS^ x S'^ geometry. 


2.3.2 Short string 

A short string-like membrane conhguration corresponds to ri ~ rg, i.e A = 1 -|- r;, 
where r; << 1. In this regime the length and energy of the conhguration, formulas 
(2.18) and (2.19) reduce to 

L = ^0^0? (2.23) 
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(2.24) 


E = 


27lll^y/2 


y/rj-2mq 


Combining these expressions, and using the dehnition e = (r 2 /ro)®, we hnd 


E = —— 2m„ 
27rl!,rl 

which corresponds to a linear conhning potencial. 


(2.25) 


3 D = 11 Solitonic/magnetic 5-brane background 

This is the case of N M5-branes solitonic solution of supergravity, whose geometry 
is given by (for a review, see for instance [4, 5]): 

+ f'^^^{dr'^ + r‘^dQ‘1), (3.1) 

where is the mostly plus six-dimensional Minkowski metric, / is the horizon 
function given by 

/=l+(7)“. (3.2) 

where (^ 5 )^ = A^ 7 r(/ii)^, and the metric can be written as: 

dfll = sin^ 64 sin^ 6*3 sin^ 62 d 6 ‘l + sin^ 64 sin^ 6 ^d 62 + sin^ 64 d 6 ‘l + dO^. (3.3) 


3.1 Static configuration 

In analogy with the M2-brane space case, here for the M5-brane space we choose 
a static conhguration setting = r, = a = x, = X^ = X^ = 

0 , = r = r{x). The string-like compactihcation is determined by the choice 

X^ = 9i = 6 /R and X^ = X® = X^® = 62 = 63 = 64 = 7 r/ 2 , where R is the 
compactihcation radius. Consequently, in this conhguration we have that the induced 
metric 7 ^^ = diX^djX^G mn{X) reads 


= diag 




(3.4) 


Also in this conhguration Ap] decouples from the membrane, so action (1.4) becomes 


T 

2'kI\4 



y.2 ^ 


(3.5) 


where, as in the M 2 case, the integrations J dr = T and J d5 = R J 9i = 2 'kR have 
been done in this formula. Also, the compactihcation radius R has been cancelled 
out, so this action S is equal to the string-like limit case i? —)■ 0. 








Since the Lagrangian corresponding to the action S does not depend explicitly 
on X, the solution satishes: 




= constant 


(3,6) 


It is clear that this equation has a minimum ro which, by symmetry arguments, 
occurs at a: = 0, so the length of the string-like membrane is: 


L 


2ro 



1 ) 1/2 


where we dehned the parameter e = {r^/ro)^. 
The corresponding energy is given by: 


E 


vr/fi 



(^2 _ 1)1/2 


— 2 mq 


(3.7) 


(3.8) 


where niq is a possibly inhnite term which can be identihed with a very large quark 
mass in the dual gauge theory when this theory exists. 


3.2 String close to the brane 

In this regime rs >> tq (e >> 1) so we are analyzing the case where the string is 
placed very close to the brane. Also this case corresponds to the AdSj x geometry, 
then eqs (3.7) and (3.8) become 

L = 2r„f‘/^^ (3,9) 

^2 rA 1/2 

‘'"( 7 ^ 1 ) 175 - 2 ™, ( 3 . 10 ) 

where A = ri/ro and ri is the position of the ends of the string-like membrane. Next, 
we consider different limits on e and A and calculate the corresponding string-like 
length and energy. 


3.2.1 Long string 

In this case ri » tq (A >> 1), then the string-like membrane length and energy, 
given by eqs. (3.9) and (3.10), become: 




A /2 


dy 


= 2 - 


2 / 3/2 ( 1/2 _ 1 ) 1/2 1/2 


C, 


(3.11) 


where we used that e = (r5/ro)3, c = (27r)3/2/r^(|), and 


J.2 r foc 

E = ^ I dy 


tt/?! 


'1 


y 


1/2 


y 


- 1/2 


(^2 _ 1)1/2 


3/2 1/2 

Tq' c 

TT/fi 


(3.12) 


9 


















(3.13) 


Consequently, the energy of the string-like conhguration can be written as 


E = 


2 

7r/f^ L ' 


This non-conhning energy corresponds to the conformal held theory result of the 
dual theory. This is the expected result since for the string close to the brane the 
geometry is the AdSj x 

3.2.2 Short string 

In this regime ri ~ rg, i.e. A = 1 + rj where rj << 1. Then, the length and energy of 
the string-like conhguration, eqs. (3.9) and (3.10), become: 


3/2 

i = h^v^[i+o(.,)] 


r, 


1/2 

0 


1/2 3/2 
_ Tq' 

27r/?i 


[1 0(7/)] - 2mq 


Consequently the energy of the conhguration is given by 


E = 




(3.14) 

(3.15) 

(3.16) 


ni 


This corresponds to a linear conhning potential in the dual theory. 

3.3 String far from the brane 

In this case rs << ro (e << 1) so the length and energy of the string-like conhgura¬ 


tion, eqs. (3.7) and (3.8) are given by 

L = 2ro log(A a/A 2 - 1) roe ^ 


VA2-1 1 

-^X^ + arccos- 


E = 


27r/X 


log(A + - A^ + 1 + 


e arccos — 
A 


2mn 


(3.17) 

(3.18) 


where e = {r^/r^Y. In the following, we discuss particular limits on A = ri/ro 

3.3.1 Long string 

In this case ri >> tq (A >> 1) so eqs. (3.17) and (3.18) become: 

L = 2ro log A 


E = 


27r/X 


[log A — A^j — 2mq 


Consequently, the energy of the conhguration is given by 


E = 


2ttI\^ 


_ pL/ro 

2rn 


— 2m„ 


(3.19) 

(3.20) 

(3.21) 


This energy has a linear term but is dominated by the exponential term so that it 
corresponds to a non-conhning potential. 
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3.3.2 Short string 

In this regime ri ~ tq i.e. A = l + rj where rj << 1, so eqs. (3.17) and (3.18) become: 


^ = ^^0 (l + I) [1 + 0{7])] 


(3.22) 




(3.23) 


Consequently, the conhguration energy in this case is 




(3.24) 


This corresponds to a linear conhning potential. 

4 Conclusions 

With a membrane setup we have studied Wilsons loops in M2 and M5 spaces, mainly 
obtaining classical potential interactions which may be interpreted as the interaction 
of a quark-antiquark pair at least when the M2 and M5 brane spaces reduce to the 
A(iS'4 X S'^ and AdS^ x spaces, respectively. In these cases the dual theories 
are supersymmetric SU{N) gauge theories, according to the AdS/CFT correspon¬ 
dence [34]. We analyzed some regimes and in some cases a linear conhnement was 
found (typically for short string-like membranes) while in other cases a non-conhning 
Coulomb-like behavior was obtained (for long string-like membranes) in agreement 
with a conformal held theory result. It is interesting to note that this situation resem¬ 
bles the QCD behavior where conhnement holds at low energies and a non-conhning 
situation (asymptotic freedom) appear at high energies. A similar result [12] was 
found in the study of Wilson loops in D3-brane space associated with the AdS^ x 
limit. These results suggest a conhnement/deconhnement phase transition. It would 
be interesting to perform a numerical study of these problems in order to understand 
the nature of these possible phase transitions. 

A comment is order here about the dual theories of our M2- and M5-brane 
backgrounds. In the near horizon approximation these backgrounds reduce to AdS^ x 
and AdSj x spaces, as is well known. In these limitings cases the dual theories 
are supersymmetric SU{N) gauge theories. The more subtle situations are the cases 
where we do not use the near horizon approximation. In these cases, the horizon 
functions, Eqs. (2.3) and (3.2), imply a hat space limit far from the horizon. This 
is diherent from the AdS case where the curvature is constant. The hat space limit 
modihes the dual theory adding a higher dimensional irrelevant operator on the dual 
theory turning the problem more involved. Any way, we were able to calculate the 
conhguration energy of the string-like membrane on the gravity side. Clearly, the 
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irrelevant operator in the dnal theory tnrns the interpretation of the dnality more 
involved. See ref. [35] for a discnssion. See also ref. [36]. 

In Refs. [37, 38] Wilson loops in AdS5 were related to D3-branes. Based on these 
resnlts we expect that analogons relations conld be established for Wilson loops in 
AdS4 and AdS7 in relation to M2- and M5-branes. 

Recently, a proposal to calculate 1/N corrections to the D3-brane Wilson loop 
was given in [39-41]. We expect that such an approach could also be applied to the 
case of M2- and M5-brane Wilson loops. 
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